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The Bekman-Quarles theorem for ontinuous
mappings from Cn to Cn
Apoloniusz Tyszka
Summary. Let ϕn : C
n ×Cn → C, ϕn((x1, ..., xn), (y1, ..., yn)) =
n∑
i=1
(xi − yi)2.
We say that f : Cn → Cn preserves distane d ∈ C, if for eah X,Y ∈ Cn
ϕn(X,Y ) = d
2
implies ϕn(f(X), f(Y )) = d
2
. We prove: if n ≥ 2 and a ontinu-
ous f : Cn → Cn preserves unit distane, then f has a form I ◦ (ρ, ..., ρ︸ ︷︷ ︸
n−times
), where
I : Cn → Cn is an ane mapping with orthogonal linear part and ρ : C→ C is
the identity or the omplex onjugation. For n ≥ 3 and bijetive f the theorem
follows from Theorem 2 in [8℄.
The lassial Bekman-Quarles theorem states that eah unit-distane pre-
serving mapping from Rn to Rn (n ≥ 2) is an isometry, see [1℄-[5℄. Let ϕn :
Cn × Cn → C, ϕn((x1, ..., xn), (y1, ..., yn)) =
n∑
i=1
(xi − yi)2. We say that f :
C
n → Cn preserves distane d ∈ C, if for eah X,Y ∈ Cn ϕn(X,Y ) = d2
implies ϕn(f(X), f(Y )) = d
2
. If f : Cn → Cn and for eah X,Y ∈ Cn
ϕn(X,Y ) = ϕn(f(X), f(Y )), then f is an ane mapping with orthogonal linear
part; it follows from a general theorem proved in [3, 58 ℄, see also [4, p. 30℄.
Let D(Rn,Cn) denote the set of all positive numbers d with the property:
if X,Y ∈ Rn and ϕn(X,Y ) = d2, then there exists a nite set SXY with
{X,Y } ⊆ SXY ⊆ Rn suh that any map f : SXY → Cn that preserves unit
distane satises ϕn(X,Y ) = ϕn(f(X), f(Y )).
Obviously, if d ∈ D(Rn,Cn) and f : Rn → Cn preserves unit distane, then f
preserves distane d.
Let D(Cn,Cn) denote the set of all positive numbers d with the property:
if X,Y ∈ Cn and ϕn(X,Y ) = d2, then there exists a nite set SXY with
{X,Y } ⊆ SXY ⊆ Cn suh that any map f : SXY → Cn that preserves unit
distane satises ϕn(X,Y ) = ϕn(f(X), f(Y )).
Obviously, if d ∈ D(Cn,Cn) and f : Cn → Cn preserves unit distane, then f
preserves distane d.
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If d > 0, X,Y ∈ Cn and ϕn(X,Y ) = d2, then there exists an ane I : Cn →
Cn suh that I((0, 0, ..., 0︸ ︷︷ ︸
n−1 times
)) = X , I((d, 0, ..., 0︸ ︷︷ ︸
n−1 times
)) = Y , and a linear part of I
is orthogonal. Hene,
(1) D(Rn,Cn) ⊆ D(Cn,Cn).
The author proved in [9℄:
(2) D(Rn,Cn) is a dense subset of (0,∞) for eah n ≥ 2.
From (2) we obtain ([9℄):
(3) if n ≥ 2 and a ontinuous f : Rn → Cn preserves unit distane, then f
preserves all positive distanes.
Obviously,
(4) if n ≥ 1 and f : Rn → Cn preserves all positive distanes, then there exists
an ane I : Cn → Cn suh that a linear part of I is orthogonal and I|Rn = f .
By (1) and (2):
(5) D(Cn,Cn) is a dense subset of (0,∞) for eah n ≥ 2.
As a orollary of (5) we obtain (f. (3)):
Lemma 1. If n ≥ 2 and a ontinuous f : Cn → Cn preserves unit distane,
then f preserves all positive distanes.
Proof. Let d > 0, X,Y ∈ Cn, ϕn(X,Y ) = d2. By (5) there exists a sequene
{dm}m=1,2,3,... tending to d, where all dm belong to D(Cn,Cn). Sine f and ϕn
are ontinuous, and f preserves all distanes dm (m = 1, 2, 3, ...),
ϕn(f(X), f(Y )) = lim
m→∞
ϕn
(
f
(
dm
d
X
)
, f
(
dm
d
Y
))
=
lim
m→∞
ϕn
(
dm
d
X,
dm
d
Y
)
= lim
m→∞
d2m = d
2.
Let τ : C→ C denote the omplex onjugation.
Theorem 1. If n ≥ 2, f : Cn → Cn preserves unit distane and f|Rn = id(Rn),
then f(X) ∈ {X, (τ, ..., τ︸ ︷︷ ︸
n−times
)(X)} for eah X ∈ Cn.
Proof. It is true if X ∈ Rn. Assume now that X = (x1, ..., xn) ∈ Cn \ Rn.
Let x1 = a1 + b1 · i , ..., xn = an + bn · i , where a1, b1, ..., an, bn ∈ R. We
hoose j ∈ {1, ..., n} with bj 6= 0. For k ∈ {1, ..., n} \ {j} and t ∈ R we dene
Sk(t) = (sk,1(t), ..., sk,n(t)) ∈ Rn as follows:
sk,j(t) = aj + tbk,
sk,k(t) = ak − tbj ,
sk,i(t) = ai, if i ∈ {1, ..., n} \ {j, k}.
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Let t0 =
√√√√√ n∑i=1 b2i
b2j
. For eah k ∈ {1, ..., n} \ {j} and all t ∈ R
ϕn((x1, ..., xn), Sk(t)) = t
2(b2j + b
2
k)−
n∑
i=1
b2i .
By this, for eah k ∈ {1, ..., n} \ {j} and all t ≥ t0
ϕn((x1, ..., xn), Sk(t)) ≥ 0.
By (5):
(6) for eah k ∈ {1, ..., n} \ {j} the set
Ak(x1, ..., xn) := {t ∈ R : ϕn((x1, ..., xn), Sk(t)) ∈ D(Cn,Cn)}
is a dense subset of (t0,∞).
Let f((x1, ..., xn)) = (y1, ..., yn). Sine f preserves all distanes in D(C
n,Cn),
for eah k ∈ {1, ..., n} \ {j} and all t ∈ Ak(x1, ..., xn)
ϕn((x1, ..., xn), Sk(t)) = ϕn(f((x1, ..., xn)), f(Sk(t))) = ϕn((y1, ..., yn), Sk(t)).
Hene, for eah k ∈ {1, ..., n} \ {j} and all t ∈ Ak(x1, ..., xn)
t2(b2j + b
2
k)−
n∑
i=1
b2i = (yj−aj− tbk)2+(yk−ak+ tbj)2+
∑
i∈{1,...,n}\{j,k}
(yi−ai)2.
Thus, for eah k ∈ {1, ..., n} \ {j} and all t ∈ Ak(x1, ..., xn)
n∑
i=1
(yi − ai)2 +
n∑
i=1
b2i = 2t · (bk(yj − aj)− bj(yk − ak)).
Hene by (6):
(7) yk − ak = bkbj · (yj − aj) for eah k ∈ {1, ..., n} \ {j}
and
(8)
n∑
i=1
(yi − ai)2 +
n∑
i=1
b2i = 0.
Applying (7) to (8) we obtain
(yj − aj)2 +
∑
k∈{1,...,n}\{j}
b2k
b2j
· (yj − aj)2 +
n∑
i=1
b2i = 0.
It gives
(
(yj − aj)2
b2j
+ 1
)
·
n∑
i=1
b2i = 0. Sine
n∑
i=1
b2i 6= 0, we get
yj = aj + bj · i = xj︸ ︷︷ ︸
case 1
or yj = aj − bj · i = τ(xj)︸ ︷︷ ︸
case 2
.
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In ase 1, by (7) for eah k ∈ {1, ..., n} \ {j}
yk = ak +
bk
bj
· (yj − aj) = ak + bkbj · (aj + bj · i − aj) = ak + bk · i = xk.
In ase 2, by (7) for eah k ∈ {1, ..., n} \ {j}
yk = ak +
bk
bj
· (yj − aj) = ak + bkbj · (aj − bj · i − aj) = ak − bk · i = τ(xk).
The proof is ompleted.
Let n ≥ 2, f : Cn → Cn preserves unit distane, f|Rn = id(Rn). We would
like to prove: f = id(Cn) or f = (τ, ..., τ︸ ︷︷ ︸
n−times
); we will prove it later in Theorem 2.
By Theorem 1 the sets
A = {X ∈ Cn : f(X) = X}
and
B = {X ∈ Cn : f(X) = (τ, ..., τ︸ ︷︷ ︸
n−times
)(X)}
satisfy A ∪B = Cn.
Let ψn : C
n × Cn → R, ψn((x1, ..., xn), (y1, ..., yn)) =
n∑
k=1
Im(xk) · Im(yk).
Lemma 2. If x1, ..., xn, y1, ..., yn ∈ C, ϕn((x1, ..., xn), (y1, ..., yn)) = 1 and
ψn((x1, ..., xn), (y1, ..., yn)) 6= 0, then
(9) (y1, ..., yn) ∈ A implies (x1, ..., xn) ∈ A
and
(10) (y1, ..., yn) ∈ B implies (x1, ..., xn) ∈ B .
Proof. We prove only (9), the proof of (10) follows analogially. Assume, on
the ontrary, that (y1, ..., yn) ∈ A and (x1, ..., xn) 6∈ A. Sine A ∪ B = Cn,
(x1, ..., xn) ∈ B . Let x1 = a1+b1 · i , ..., xn = an+bn · i , y1 = a˜1+ b˜1 ·i , ..., yn =
a˜n + b˜n · i , where a1, b1, ..., an, bn, a˜1, b˜1, ..., a˜n, b˜n ∈ R. Sine f preserves unit
distane,
(11) ϕn((x1, ..., xn), (y1, ..., yn)) =
ϕn(f((x1, ..., xn)), f((y1, ..., yn))) =
n∑
k=1
(ak − bk · i − a˜k − b˜k · i)2.
Obviously,
(12) ϕn((x1, ..., xn), (y1, ..., yn)) =
n∑
k=1
(ak + bk · i − a˜k − b˜k · i)2.
Subtrating (11) and (12) by sides we obtain
4
n∑
k=1
bkb˜k + 4
n∑
k=1
bk(ak − a˜k) · i = 0,
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so in partiular ψn((x1, ..., xn), (y1, ..., yn)) =
n∑
k=1
bkb˜k = 0, a ontradition.
The next lemma is obvious.
Lemma 3. For eah S, T ∈ Rn there exist m ∈ {1, 2, 3, ...} and P1, ..., Pm ∈ Rn
suh that ||S − P1|| = ||P1 − P2|| = ... = ||Pm−1 − Pm|| = ||Pm − T || = 1.
Lemma 4. For eah X ∈ Cn \ Rn
( i , ..., i︸ ︷︷ ︸
n−times
) ∈ A implies X ∈ A
and
( i , ..., i︸ ︷︷ ︸
n−times
) ∈ B implies X ∈ B .
Proof. Let X = (a1 + b1 · i , ..., an + bn · i), where a1, ..., an, b1, ..., bn ∈ R. We
hoose j ∈ {1, ..., n} with bj 6= 0. The points
S =
(
a1 +
√
1 + (bj − 1)2
n− 1 , ..., aj−1 +
√
1 + (bj − 1)2
n− 1 ,
aj +
√
1 +
∑
k∈{1,...,n}\{j}
b2k︸ ︷︷ ︸
j−th coordinate
,
aj+1 +
√
1 + (bj − 1)2
n− 1 , ..., an +
√
1 + (bj − 1)2
n− 1
)
and T = (0, ..., 0,
√
n︸ ︷︷ ︸
j−th coordinate
, 0, ..., 0) belong to Rn. Applying Lemma 3 we
nd m ∈ {1, 2, 3, ...} and P1, ..., Pm ∈ Rn satisfying ||S − P1|| = ||P1 − P2|| =
... = ||Pm−1 − Pm|| = ||Pm − T || = 1. The points
X1 = X ,
X2 =
a1, ..., aj−1, aj +
√
1 +
∑
k∈{1,...,n}\{j}
b2k + bj · i︸ ︷︷ ︸
j−th coordinate
, aj+1, ..., an
,
X3 = S +
0, ..., 0, i︸ ︷︷ ︸
j−th coordinate
, 0, ..., 0
 =
5
(
a1 +
√
1 + (bj − 1)2
n− 1 , ..., aj−1 +
√
1 + (bj − 1)2
n− 1 ,
aj +
√
1 +
∑
k∈{1,...,n}\{j}
b2k + i︸ ︷︷ ︸
j−th coordinate
,
aj+1 +
√
1 + (bj − 1)2
n− 1 , ..., an +
√
1 + (bj − 1)2
n− 1
)
,
X4 = P1 + (0, ..., 0, i︸ ︷︷ ︸
j−th coordinate
, 0, ..., 0),
X5 = P2 + (0, ..., 0, i︸ ︷︷ ︸
j−th coordinate
, 0, ..., 0),
. . . . . . . . . . . . . . . . . . . . . . . . . . .
Xm+3 = Pm + (0, ..., 0, i︸ ︷︷ ︸
j−th coordinate
, 0, ..., 0),
Xm+4 = T+(0, ..., 0, i︸ ︷︷ ︸
j−th coordinate
, 0, ..., 0) = (0, ..., 0,
√
n+ i︸ ︷︷ ︸
j−th coordinate
, 0, ..., 0),
Xm+5 = ( i , ..., i︸ ︷︷ ︸
n−times
)
belong to Cn and satisfy:
ϕn(Xk−1, Xk) = 1 for eah k ∈ {2, 3, ...,m+5}, ψn(X1, X2) = b2j 6= 0, ψn(X2, X3) =
bj 6= 0, ψn(Xk−1, Xk) = 1 for eah k ∈ {4, 5, ...,m+ 5}.
By Lemma 2 for eah k ∈ {2, 3, ...,m+ 5}
Xk ∈ A implies Xk−1 ∈ A
and
Xk ∈ B implies Xk−1 ∈ B .
Therefore, ( i , ..., i︸ ︷︷ ︸
n−times
) = Xm+5 ∈ A implies X = X1 ∈ A, and also, ( i , ..., i︸ ︷︷ ︸
n−times
) =
Xm+5 ∈ B implies X = X1 ∈ B .
Theorem 2. If n ≥ 2, f : Cn → Cn preserves unit distane and f|Rn = id(Rn),
then f = id(Cn) or f = (τ, ..., τ︸ ︷︷ ︸
n−times
).
Proof. By Lemma 4
( i , ..., i︸ ︷︷ ︸
n−times
) ∈ A implies Cn \ Rn ⊆ A
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and
( i , ..., i︸ ︷︷ ︸
n−times
) ∈ B implies Cn \ Rn ⊆ B .
Obviously, R
n ⊆ A and Rn ⊆ B . Therefore,
A = Cn and f = id(Cn), if ( i , ..., i︸ ︷︷ ︸
n−times
) ∈ A,
and also,
B = Cn and f = (τ, ..., τ︸ ︷︷ ︸
n−times
), if ( i , ..., i︸ ︷︷ ︸
n−times
) ∈ B .
Theorem 2 has a simpler proof under the additional assumption that f is
ontinuous. We need a topologial lemma.
Lemma 5. C
n \ Rn is onneted for eah n ≥ 2.
Proof. LetX = (a1+b1·i , ..., an+bn·i ) ∈ Cn\Rn, where a1, ..., an, b1, ..., bn ∈ R.
We hoose j ∈ {1, ..., n} with bj 6= 0. Then
Y :=
0, ..., 0, bj|bj | · i︸ ︷︷ ︸
j−th coordinate
, 0, ..., 0
 ∈ Cn \ Rn
and the segments ( i , ..., i︸ ︷︷ ︸
n−times
)Y and Y X are disjoint from Rn. These segments
form a path joining ( i , ..., i︸ ︷︷ ︸
n−times
) and X , X is an abitrary point in Cn \ Rn. It
proves that Cn \ Rn is onneted.
Sine id(Cn \ Rn) and (τ, ..., τ︸ ︷︷ ︸
n−times
)|Cn\Rn are ontinuous, for ontinuous f in
Theorem 2
A \ Rn = {X ∈ Cn \ Rn : f(X) = X}
and
B \ Rn = {X ∈ Cn \ Rn : f(X) = (τ, ..., τ︸ ︷︷ ︸
n−times
)(X)}
are the losed subsets of Cn \Rn. Obviously,
(A \ Rn) ∪ (B \ Rn) = Cn \ Rn
and
(A \ Rn) ∩ (B \ Rn) = ∅.
Hene by Lemma 5
A \ Rn = Cn \ Rn or B \ Rn = Cn \ Rn.
Thus,
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A = Cn and f = id(Cn)
or
B = Cn and f = (τ, ..., τ︸ ︷︷ ︸
n−times
).
Theorem 3. If n ≥ 2 and f : Cn → Cn preserves all positive distanes, then
f has a form I ◦ (ρ, ..., ρ︸ ︷︷ ︸
n−times
), where ρ ∈ {id(C), τ} and I : Cn → Cn is an ane
mapping with orthogonal linear part.
Proof. By (4) there exists an ane I : Cn → Cn suh that a linear part
of I is orthogonal and I|Rn = f|Rn . Then I
−1 ◦ f : Cn → Cn preserves all
positive distanes, (I−1 ◦ f)|Rn = id(Rn). By Theorem 2 I−1 ◦ f = id(Cn) or
I−1 ◦ f = (τ, ..., τ︸ ︷︷ ︸
n−times
). In the rst ase f = I ◦ (id(C), ..., id(C)︸ ︷︷ ︸
n−times
), in the seond ase
f = I ◦ (τ, ..., τ︸ ︷︷ ︸
n−times
).
As a orollary of Lemma 1 and Theorem 3 we get:
Theorem 4. If n ≥ 2 and a ontinuous f : Cn → Cn preserves unit distane,
then f has a form I ◦ (ρ, ..., ρ︸ ︷︷ ︸
n−times
), where ρ ∈ {id(C), τ} and I : Cn → Cn is an
ane mapping with orthogonal linear part.
Any bijetive f : Cn → Cn (n ≥ 3) that preserves unit distane has a form
I ◦ (ρ, ..., ρ), where ρ : C → C is a eld isomorphism and I : Cn → Cn is an
ane mapping with orthogonal linear part; it follows from Theorem 2 in [8℄.
The author proved in [12℄:
(13) eah unit-distane preserving mapping from C2 to C2 has a form I ◦(ρ, ρ),
where ρ : C→ C is a eld homomorphism and I : C2 → C2 is an ane mapping
with orthogonal linear part.
The rst proof of (13) in [12℄ is based on the results of [10℄ and [11℄. The
seond proof of (13) in [12℄ is based on the result of [7℄. Obviously, for n = 2
Theorem 3 follows from (13).
If a ontinuous σ : C→ C is a eld homomorphism, then (σ, σ) : C2 → C2 is
ontinuous and preserves unit distane, also (σ, σ)((0, 0)) = (0, 0), (σ, σ)((1, 0)) =
(1, 0), (σ, σ)((0, 1)) = (0, 1). Therefore, by Theorem 4 σ = id(C) or σ = τ . We
have obtained an alternative geometri proof of a well-known result:
(14) the only ontinuous eld endomorphisms of C are id(C) and τ .
An algebrai proof of (14) may be found in [6, Lemma 1, p. 356℄. Conversely,
for n = 2 Theorem 4 follows from (13) and (14).
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Let d ∈ C\{0} and C ∋ x τd−→ d
τ(d) ·τ(x) ∈ C. As a onsequene of Theorem 4
we get:
Theorem 5. If n ≥ 2 and a ontinuous f : Cn → Cn preserves distane d ∈
C \ {0}, then f has a form I ◦ (ρ, ..., ρ︸ ︷︷ ︸
n−times
), where ρ ∈ {id(C), τd} and I : Cn → Cn
is an ane mapping with orthogonal linear part.
Corollary. If n ≥ 2, d1, d2 ∈ C \ {0}, d
2
1
d22
6∈ R and a ontinuous f : Cn → Cn
preserves distanes d1 and d2, then f is an ane mapping with orthogonal linear
part.
Theorems 14 do not hold for n = 1 beause the mapping C ∋ z −→ z +
Im(z) ∈ C preserves all real distanes. In ase n = 1, there is an easy result:
Theorem 6. Let f : C → C and for eah x, y ∈ C ϕ1(x, y) ∈ R implies
ϕ1(x, y) = ϕ1(f(x), f(y)). Then f has a form I ◦ ρ, where ρ ∈ {id(C), τ} and
I : C→ C is an ane mapping with orthogonal linear part.
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